A new technique for 2-D spectral estimation
INTRODUCTION
In many applications of two dimensional signal processing such as sonar, radar, geophysics and radio astronomy, the problem of estimation of the PSD of a sampled SRF from a finite set of observations is often encountered. The classical method of estimation of PSD using the periodogram results in poor resolution. A recent approach to obtain high resolution, is to postulate a finite parametric model for the PSC. The observations are used to obtain the model parmeters by an appropriate estimation procedure. In the I-D case, the modeling techniques employing LP theory has been widely investigated and are successfully being used to obtain the PSD estimate, especially at high signal to noise ratio (SNR) [I] .
An extensionto t h e 2-D case is the use of I-D LP models along each of the dimensions.
A to [2] . (1) where ds is the elemental distance on the line AB represented by the equation x cos e+ y sin e= t. (See Fig. 1 ). I t is to b e n o t e d t h a t p (t), the projection of t h e 2-D function f(x,y) at a n 0 angle 0 is a I-D function in t.
Central-Slice Theorem A fundamental result, on which various techniques for reconstruction multi-dimensional signals from their projections rely upon, is the Central-Slice theorem or the Projection-Slice theorem 1181.
I t states t h a t t h e (N-1) dimensional Fourier transform
of a projection is a slice through the N-dimensional Fourier transform of the original function itself. For the sake of simplicity consider the 2-D case. 
In applications wherein projections of a SRF are available directly, the computation of the 2-D PSD is rather straightforward.
In cases where onlythe observations are available instead of the projections,then the need of estimating the projections from these observations arises. Starting from the observation set, the procedure of estimating the 2-D PSD and the various features of this approach i s d e a l t in the next section.
PII. TWO-DIMENSIONAL SPECTRAL ESTIVATION
The basic idea here is to use the Radon transform t o reduce the 2-D sequence to a set of I-D sequences. The I-D problem can then be solved by using I-D LP theory or by any other estimation procedure.
We assume the discrete observations f(n n ) w h e r e n -1,2, ... N n -1,2 ,...., N2; are obtbi'nJd by sampling I -the continuous SRF a t the Nyquist rate. Due to the discreteness of the available data, it is not possible to obtain the projections directly using Eqn. (1).
Without taking recourse l o the discrete Radon transform which invariably involves interpolation of t h e 2-D observations, an alternative approach of approximating the integral in Eqn.
(1) is made by making the following assumptions.
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2-
The value of e a c h d a t a p o i n t is assumed t o be a const a n t o v e r a square element of unit area. This is analogous to the 'pixel' assumption in digital image processing. Further, the integral in Eqn.
(1) is replaced by a summation operator.
L e t pg (t.) denote the integral (summation in the discrete case)) of f(n,,n2) along the line parameterized by t h e d i s c r e t e variables B i and t..
For the s a k e of simplicity, we retain only the iddices i and j in subsequent discussions.
where w..(n ,n ) i s a weighting factor determined by some 'lgeometrlcal considerations. For example, w..(n1,n2) can be made proportional to t h e l e n g t h ofJ intersection of the jth ray in the ith prsjecrion with the square element (n ,n2).
A simpler scheme is to use w..(n ,n ) = 0 oh 1 according to whether the ray on the square element (n n ) intersects a circle of a given radius that is centet-kd on the (n,,n,) element. Thus p.
(j) is equal to the weighted sum of t h e o b s e r v a t i o h a s s o c i a t e d w i t h t h e r e s p e c t i v e ray. Each discrete projection p.(+)
is now f i l t e y p by a I-D filter whose frequency response is /wI . 
The resultant sequence

?.(-) is now used to compute a n e s t i m a t e of S(wk, e,) ibhich is the discrete counter p a r t of S(w,B ).
Since each of t h e s l i c e s of t h e 2-D PSD a r e computed independently by I-D modeling techniques it is possible
to tailor the 2-D PSD by choosing different models for different slices. This feature allows the user to approximate the various slices at different accuracy. Another interesting feature in this approach is that it is possible to obtain the estimate over any angular region of t h e 2-D PSD. By obtaining projections at evenIy spaced angles apanning [0",180") and using the same distance between any two consecutive rays in a projection, the 2-D PSD e s t i m a t e is obtained on a polar grid. I t should be noted that the resulting polar raster has more number of samples near the origin than farther away. Thus the PSD estimate obtained in this method has a non-uniform resolution.
I i a n y a r e a of the PSD is required at a higher resolution, complex demodulation of signals can be used to s t e e r t h e r e g i o n of interest towards the origin.
The present trend in real time signal processing is to devise algorithms for implementation on parallel machines. As this approach reduces the 2-D problem i n t o a set of 1-D independent problems which can be processed concurrently, it is highly amenable for parallel processing.
W . SIMULATION RESULTS
As an application of the proposed technique, we consider the problem of resolving two sinusoids in white noise.
We present an example where the 2-D sequence [f(n,,n2)l, is composed of two equi amplitude 2-D slnusolds and Gaussian white noise sequence [g(n ,n ) I of zero mean and variance u z . 
IwI .
F o r e a c h of the filtered projections an 1-I) AR model of order 6 is used. The Burg algorithm [20] is employed t o o b t a i n t h e AR parameters. The resulting estimate on the polar raster is converted into a Cartesian raster using a 2-D first order interpolation. This is done only for our convenience of plotting the results. In Figs. 2b and 3, I+' indicates the true peak location of the signal sinusoids. The conto;d-levels represent t h e "dB" relative to the maximum value of t h e estimated spectrum. The contour levels are spaced -3 dB apart in Fig.  3b and -10 dB apart in Fig.3 .
